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Abstract
In this paper, we describe the automorphisms of various classes of finite groups. We introduce the concept of
semi direct product on certain groups and use this concept to define the automorphism of certain finite groups.

For a semi-direct product of two groups, a short exact sequence splits. A cyclic group of order ™ is written in the

direct product of cyclic » —groups. We compute the automorphism groups of some abelian group and also find
the number of automorphisms of some abelian groups.
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Introduction

The first general structure result for the automorphism group of a finite group follows from a classical result of
Gauss in number theory. Let Z. denotes the additive group of integers med (), There exist some finite groups
that are isomorphic to their own automorphism groups, e.g. 2. The structure of 4u£(6) is often hard to compute.
This paper will explore the orders and structures of automorphism groups for direct and semi direct products.

Theorem: Suppose T and s are two subgroups of a group € so that 6 =T, S, where ¥ € hom(T,Aut(s)) iff3
exact short sequence {e} =5 = ¢ = T = {e} gplits.

Proof: Assume & =T >: 5 then there is an isomorphism 4:7>.5-¢. A construction for short exact sequence
(e} = T56 25 () and &7 -6 Let construct amap # T = G and ¢ :5 = 6 by 4(8) = () and £(5) = A(e,5)
respectively.

Then for t.t: €T

Let

u(ty) = p(t;)
= Aty e) = A(t,. )

As 4 is 1-1 onto, so

t, =t,

Hence # is 1-1.
Also for any ti.t2 € T we get

ultyty) = Aty by, €)
= At e)A(t,, e)
= p(t,)p(t,).

Thus we get # is 1-1 homomorphism. In the same way, we show that $is1-1 homomorphism.

Each element which belongs to & has formed 4(t:5), where (t.s) €T .S,
Now, we define 7: ¢ =5 an onto homomorphism by
n(A(t.s)) =s vV A(ts) €G.

Now to prove im(#) = ker(n) g well as (72 &) = ids.
Again ¥ 5 €5, we get

(= 8)(s) = n(2(s)
=n(A(t.s))
=5
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And

im(p) ={A(t,e);t € T}
={A(t,s);seStET &1;[,1(5,1:)) = e}
= ker(n).

- B n - - - -
Assuming an exact short sequence f{e}2>T—G—S5—{e} & a section ¢ Now finding a homomorphism
T:5 = Aut(T) g0 that an isomorphism @:6 =T *.5. Suppose an isomorphism «: im(x) > T 5o that @ °x =idr and
pow =idy, -
Now

(e EGYSESLET.

Hence ¥ = 5. an isomorphism = - 7 is defined by % (t) = @(§()n(£)¢ (s7)).
Furthermore the mapping T S —~ 4ut(T) js homomorphism as given by 7(s) = =. as for any =... € 5 and-<r, we get

(t(s0) e T(s))(8) = (x,, e T, )(D)

=, (z,®)

=1, (0(Esu®Es))

= o (sCr(w(E (rOF79)) ()
= w(§0s e w(Es)r®E(ss9)E(sT)

= (£ (E(sDr®E(s39)E (i)

= w[fislsz).ﬂ(tjf(s:—isii))

=17, (0

=1(s,5,)(t)

Hence for S1 52 € 5, we get T(5152) = 7(s,)7(s,).
Since, we get 161 =ITIISI| and for some S € S.in G each right coset of (&) may be written as T¢(s)- Thus there is

a unique representation of all elements 9 €6 in terms of «®:() for t€T and s€5- Particularly, s =7(9) and
t= m[:gf(s_l]). As

w0 (s) = u(w(gE(s™))) &(s)

= e w(gé(s™))éls)

= g8 (s7)3(s)

=g

Now define ©:6 =T .S py ©(g) = ts for t €T and - 5. We have to prove that © is 1-1 onto. Without loss of
generality, let = #(£)E(s) and 9. = u(t,)E(sy).

Suppose 991 €& s that

8(g) = (g4)

=ts =t5,

=>t=t &s=35
And hence

p(t) = plty) & &(s) = &(sy).
So,

()8 (s) = p(t,)8(s,)

=g9=4
= @js 1-1.

Clearly @ is onto. To show © is isomorphism it is sufficient to show that © is homomorphism that is
0(gg,) = 0(g)0(g,) Y g.9, €G.
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Now

0(gg,) = 8(u(D)E(s)u(t)E(s,))

= 0(u(8)¢ ()u(t)E(s™E(E(s,))

= 0(u(8)¢ ()u(t,)E(s™)é(ssy))

= 0 ((B)id, i, (E(Dr(t)E(TDE(ss)))
=0 (1) (ko ) (E()n(t)E(s™)é(ss,))
o ( u(Bu[w(F(ult)E(s™))]E(ss,))

e (u(®)u(z, (£)¢(ss,)))

= E}(_u(_tr: (tl))f(sslj)

=tr,(t,)ss,

= tst,s 'ss,

= tsty sy

= 0(u(D)¢(s))0(u(t,)ils))

= 0(9)0(g,)

Hence, ®:6 =T .5 defined by o) = ts is isomorphism. So & = T >4, 5.

Theorem: Assume that ».».-.». are distinct primes such that ==»i'p? P be a *+ve integer,

where 1tz -t €N Then
zZ, %Zpil XZp;z XX Zp;g.

=Z t, KE 1o X ..XE 1
B, . B,

Proof: Let © then 161= ;3" .02 we shall prove & = Z. For that we shall show that G is
Z

generated by a single element of order ™. Suppose the set of generators {zp22 0022} of G so that ', a
subgroup of G, is generated by Zi. 17:Z2-Zl in G is least T¥€integer ™ so that (212, ..2,)" = e But
(zy2 ez, )" =e iff zl=eV1<i<s.

So, we have

(242, ..z )" =e iff m= D[mod p?) Vi1<i<s.
Since

(ppf)=1 1125,

Therefore, ™ satisfying

m = IJ[mod p:.r[) ¥isi<s,

By En fa73
Is P1*P2" P and Hence 12:2: -zl =n, Sp G 2 Zy o Zn = Zpte X 2y X X Zte:

Hence the result.

Theorem: If 6 = Z,. in that case A4t(6) = Z;, where Z. — multiplicative group of units in Z..
Proof: Assume that Z» =<5 >- Thene(s) =n_ Suppose # € 4ut(G)  Since # is onto so YtEGITEG 5o
that #(r) = £ Again, the group ¢ is cyclicso ™ = 5~ for x € Z.

Thus, we get
t=pu(r)
=k(s%)
= (u(s))"

= u(s) s also the generator of ©.
As there are only ¢(m). Eular ¢-function, generators of ¢ which implies there are only ®(1) choices for «.

Hence 4ut(G)| = ¢(n).
Define Hr * & = G py
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p(k)=k"1<h<n&(hn)=1
Then for k152 € G we get

.“;'z(kik:) = (kik:)h
= (ki)h(k:)h
= .“h(kij.“h (k2)

= Hx is homomorphism.

Suppose 9192 € G sp that 91 # 92, Let 9: == and 9z = s*- Then

nn(gy) = gt
— [sc]h
ch

=5
And

Hy(g2) = g7

= (s9)"

= gdh

= 1y (g1) — Hy [Q':Jsl:c_d}a

= Uy (ﬂlj — Uy [ﬂ:] iff ch—d}h =e

since (h.1) = 1. g4 slemdh = ¢ ifn/(c—d) gpc—d = nw g gome W € L.

Now if¢ —d = W in that case we have

However 9. # g, so  t (¢ — d) and hence

#x(g1) # py(92)
= Hp js 1-1.

For 92 € G 39, € G g0 that 9 = 91" therefore
R
gz = 481 = Hy [:9'1)

= Hx is onto.
= u, € Aut(G)

If

Fy = Hythen #a(s) = p,(s)
Let » > v then stV =e

=o(s)/u—v
SN Uu—vEn.

Itis a contradiction. Hence Hu # By ¥ ¥ (u# ¥), 1 S w,v <7 gpq (wn) =1 = (v,n).

www.allscientificjournal.com
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= the minimum number of automorphism of ¢ are ¢(1).
= |Aut(G)| = ¢(n).
Or
Aut(G) =pp; pp (k) =k 1=h<n&((hn)=1
Define @ : Aut(6) = Z; 50 that
e(p,)=hl<h<n&(hn) =1

Forh €Z,1<h<n,(hn) =13 pu, € Aut(G) g that ®(un) = h.

nr
= 2 js onto.
Let Hns iy € Aut(G) g0 that

P (py) = (1)

=h=k
= Uy = Uy
=Pis1-1.

Again, for #n i € Aut(G), e get

Hr @ Hy (9)= Hr [ﬁ‘k(g))
= 1y (%)
= (g")"
= g*"
= e (9)

= 'i’[:.“h ‘:'.“k) = ":p(.“hk)
= hk

=@ (Fh)'i’ (£4)

= ¢ - Homomorphism.
= @ |s automorphism.

= Aut(G) = Z,
Theorem: Suppose ¢ = Z. X Z; for +veinteger ™, then
{ ¢(n); n—odd
l4ut(6)| = {66(n); n=2(mod 4).
4¢(n); n=0(mod 4)
Proof: As G = Z, X Z; 50 that ©(6) = 2n.
1. Forodd =, in that case (42) =150 Z, X 2, Z,,..
And l4ut(Z,,) = ¢(n),
2. Foreven™ LetZ,=<c¢=> & Z,=<d > gych that
Z XZ,=<c>X<d>.
Thus for & € Aut(Z, X Z3) gnd o(c) =n

= o[;c(c)) =n

www.allscientificjournal.com

24



International Journal of Advanced Scientific Research www.allscientificjournal.com

And
o(d)=2 = o(;{(d)) =2

And

& (0) % u(a),
Where C,d [ Z?! X Z:.
Agaln ;I(Cj &j{(d) generates Z” x Z: Iff < _{I(C) =N < _{I(d) == {E}

Thus, for finding 144¢(Z,, X Z2)|, we find out the number of pairs (S1-52) which satisfies
a S1€Z,XZygothatols)=n

b. s:€z,xZ,50thatels)=2

C. SEE} F 5,5.

Case 1. Suppose ™ = 2(mod 4) Ag o(<") and (<) js = whenever G:n) = 1.

The possible all generators are not there for Z. as # = 2(mod 4)

=n—2=4]
Where L EZ,
=n=2+4]
Or
LY
S=1+
n
= — —odd
2
o(c’d) =1 \yhenever °(<') =

n
n

. - J
=There exists ‘*"[ ) elements whose order are 2 of form £ .

n

Or ™ order ?(5)+200) elements exists in Z» X Z,,
Again ® (%)= ¢

= There are 39(") elements belongs to Z.%Z. which has order ™and 2 order elements are
d, clil?}d, c(f} EZ, XKZ,

n

- &)
Vs, € Z, X Zs 50 that ©(51) = 1 3 2 glements satisfying 5.” = .

So, [Aut(Z, x Z,)| = 6g(n).

Case 2 Suppose ™ = 0(mod 4) gg for 51 € Z, X Z,, o(s,)=n iff
Either

s;=¢ & (jm)=1
Or

s, =¢cld & (jn) =1

For S1 € Z, X Z3 having order ™, then those elements which satisfies

25



International Journal of Advanced Scientific Research www.allscientificjournal.com

n
s](::} # 5,
n

Are @ as well as C[?}d and those have order 2.

Also

=0 (c(;i}} = 2.

n = 0(med 4)
L &_ .0

T o= oz

For all ™ order elements.
Thus there exists 2 elements from Aut(Z, X Z3) which has 2¢(n) elements having order ™, that sends € = 51

andd=d ore= s, andd = cl2)d.
Thus lAut(Z, X Z,)| = 4¢(n).

Theorem: Aut(Z, x Z,) is isomorphic to (4ut(Z,) X Z,) ¥ Z, \yhere » =4k js T¥€ integer and * € Z-
Proof: Assume 2n = <€ >&Z, =<d > thenZ, X Z,=<c > X<d > pgn = 0(mod 4).

Let Steusn) € Aut(Z, X Z3) gych that
€—s5

f':s"_-'-?:): {d — 5'3’
Where 5982 [ ZF! X Z:.

Suppose T S Aut(Z, X Z3) pe 3 subgroup such that ¥ 2 €T = p(d) = d.

~ N _ o
Now we will prove that T = Aut(Z,) X Z3 a5 well as Aut(Z,XZ) T3 Z,. Any PET are either $(eia) or

¢ (claq) form so that (6:72) = 1.

¢ i (R i [:.l:'ﬂ'
The remaining elements of Aut(Z,, X Z3) other than T are of form (<< ) or (acts ) such that
(i.m) =1 Then

[Aut(Z,=x Z,): T] = 2.

This implies T = Aut(Z, X Z,) Given the natural surjection #:Aut(Z,XZ:) = Z; and injection

v:T = Aut(Z, X Z;) which sends elements belongs to 1 to € where € is unit element of £ 2. Thus we get an
exact short sequence

v p
{e} =T— Awt(Z,%xZ,) = Z,— {e}.

f 7 [S AIJ.I(ZH X Z:j

Let € : Z» = Aut(Z, X Z,) which sends € # Z2 € Zagg (o ) and € € Zz to some elements of T.
Now,

pe8(1)=p(8(1))

=pu (c:, cff}d)

=1
And

n=68(0)= u(8(0))

= u(t)

=0
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Where t € T-

=peob =idy.

Thus ¢ splits exact short sequence

{e} 5T Aut(Z, % Z,) > Z, - {e}.

Then

Aut(Z, X Z,) 2T HZ,.

Now, we shall prove that T = Aut(Z,) X Z,,

¥ &
Assume an exact short sequence (e} = Aut(Z,) =T = Z, = {e}

so that ¥ maps {e =} o fa as well as @ maps *(<«<) ~ non-unit element of 2+ There exists & : Z2 = T which
sends non-unit element to 4 (cd.a), Thus T & Aut(Z,) % Z..

As

n = 0(mod 4), (i,n) =1

=i— odd.

For any /-

‘f[,;[,d]  $ied,d) [:Cj) = ‘f[.;",d] {‘f(cd,d) [C}.)}
= ‘f[.:",d) (c7a’)

= ptigi

And

Seadr * §(ea) () = Stcam (8t ()
= $(caa) [:CU)

= gty

Asd € Z; & i—o0dd therefore for even/, @7 = € = d" sowell asforodd 7, @ = d = d". Thys we get
$(eia) © ‘Jr(cd,d)[cj) = $(cda) ° ‘f[c",d)[cj)

On the same we have to prove that

$leia) Steaw (€7d) = §eam © $(cla) (c’d)
= $(ela) ° Stead) = Seaa °€(cia) Vi (i,n) = 1.
=T = Aut(Z,) X Z,
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