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Abstract 

The ternary quadratic equation given by   222
7674 zxyyx  is considered and searched for its many different integer 

solutions. Four different choices of integer solutions to the above equation are presented. A few interesting relations between the 

solutions and special polygonal numbers are presented. 
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1. Introduction 

The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In particular, one may refer [4-16] for 

quadratic equations with three unknowns. This communication concerns with yet another interesting equation 

  222
7674 zxyyx   representing non-homogeneous quadratic equation with three unknowns for determining its infinitely 

many non-zero integral points. Also, few interesting relations among the solutions are presented. 

 

Notations 

 Polygonal number of rank n with size m 
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 Pronic number of rank n  
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 Star number of rank n 
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Method of analysis 

The ternary quadratic diophantine equation to be solved for its non-zero distinct integral solution is 

 

  222
7674 zxyyx 

           (1) 

Introduction of the linear transformations 
 0 vu

 

 

vuyvux  ,
  

                (2)  

in (1), leads to   

 
222

7615 zvu   
                (3) 

Different patterns of solutions of (1) are presented below: 
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Pattern 1 

 Write 76 as 

 

   1524152476 ii   

               (4) 

Assume 

 

  22
15, babazz    

               (5) 

Where a  and b  are non-zero distinct integers. 

Using (4), (5) in (3) and employing the method of factorization and equating positive factors, we get 

 

  
2

15152415 biaiviu 
 

          

Equating real and imaginary parts, we get 

 

abbau 60604
22
  

abbav 8302
22
  

 

Substituting the values of u  and v  in (2), we get 

 

 

  










abbabayy

abbabaxx

68302,

52906,

22

22

          (6) 

Thus (5) and (6) represent non zero distinct integral solutions of (1) in two parameters. 

 

Properties 

      3mod060Pr1,1,
,12


aa

tayax  

 
       2mod0761,1,1,

,8


aa
Stazayax

 

 
   3mod0151,

,34


a
taaz

 

 
     3mod2451,1,

,4


a
tazay

 
 

Note: 1 

 Instead of (4), one may write 76 as 

 

  
4

15171517
76

ii 


           (7) 

Following the procedure presented in pattern: 1, the corresponding values of x, y and z satisfying (1) are given by 

 

  abbabaxx 21359,
22


         

  abbabayy 321208,
22


  

  22
15, babazz 

    
 

Pattern 2 

 Write (3) as  

 

1*7615
222

zvu              (8) 

 

Also, write 1 as 
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  
64

157157
1

ii 


            (9) 

 

Using (5), (7) and (9) in (8) and employing the method of factorization and equating positive factors, we get 

 

   
 

2

15
8

157

2

1517
15 bia

ii
viu 




  
     

Equating real and imaginary parts, we get 

 

 abbau 18039026
4

1 22


 
 

 abbav 52906
4

1 22


 
 

Substituting the values of u  and v  in (2), we get 

 

 

  










abbabayy

abbabaxx

58755,

321208,

22

22

           (10) 

 

Thus (10) and (5) represents non zero distinct integral solutions of (1) in two parameters. 

 

Properties 

 
     2mod145Pr261,1,

,86


aa
taayaax

 

 
     3mod01051,1,

,20


a
tazax

 

 
     2mod0611,1, 

a
Sazay

 

 
       5mod1166Pr901,1,11,1

,30


aa
taazayax

 
 

Note 2 

Instead of (9), one may write 1 as 

 

  
16

151151
1

ii 


            (11) 

 

and instead of (7), choose (4) and repeating the process as in Pattern: 2, the corresponding non-zero distinct integer solutions of (1) 

are given by 

  abbabaxx 58755,
22


        

  abbabayy 321208,
22


        

  22
15, babazz 

 
 

Pattern 3 

It is worth to note that (3) can be written as 

 
222

1576 vuz    
               (12) 

Assume 
22

76 bav                (13) 
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Write 15 as 

 

  
4

476476
15




            (14) 

 

Using (13), (14) in (12) and employing the method of factorization and equating positive factors, we get 

 

   
 

2

476
7676

2 
 bauz

  
         

Equating rational and irrational parts, we get 

 

abbau 762152
22
  

 abbaz 876
2

1 22


 
Substituting the values u  and v  in (2), we get  

 

abbax 76228
22
  

abbay 76376
22


 
 

Replacing b by b2 , we get 

 

  abbabaxx 1524228,
22


        

  abbabayy 1521276,
22


        

  abbabazz 8238,
22


  
        

which represents non zero distinct integral solutions of (1) in two parameters. 

 

Properties 

 
    081521,1,

,4


a
tayax

 

 
       3mod0190,1,1,1

6,14
 tbzbybx

 

 
     2mod010Pr1441,1,

,44


aa
taazaay

 
 

Pattern 4 

 Assume 

 

VvUu 2,2 
            (15) 

 

Using (15) in (3), we get 

 

       VzVzzUzU  1522
          (16) 

 

Factorizing (16), we have  

 

 

 
0,

2

152










n

n

m

zU

Vz

Vz

zU

           (17) 

 

which is equivalent to the system of double equations 
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  02  mnznUmV
 

          

  021515  mnzmUnV
   

       

Applying the method of cross multiplication, we have 

 
222222

15,415,30302 nmzmnnmVmnnmU 
 

 

In view of (15), we get 

 

 
mnnmvmnnmu 8302,60604

2222


 
Substituting the values of u  and v  in (2), we get 

 

 

 

 
















22

22

22

15,

68302,

52906,

nmnmzz

mnnmnmyy

mnnmnmxx

          (18) 

 

Thus (18) represents the integer solutions to (1). 

 

Properties 

 
       3mod0451,1,1,

,12


m
tmzmymx

 

 
   2mod0911, 

m
Smx

 

 
     2mod115Pr681,1,

,26


mm
tmmzmmy

 

 
   3mod030Pr681,

,58


mm
tmmy

 
 

Remark 

It is worth to note that (17) is also represented in the following ways: 

 

1. 
 

0,
215

2










n

n

m

zU

Vz

Vz

zU

 

2. 
 

 
0,

2

3

5

2










n

n

m

zU

Vz

Vz

zU

 

3. 
 

 
0,

2

5

3

2










n

n

m

zU

Vz

Vz

zU

 
 

By introducing the above representations instead of (17), one may obtain different sets of distinct integer solutions to (1) and their 

corresponding properties. 

 

Solutions for Set: (i) 

 

 

 

  22

22

22

15,

52690,

68230,

nmnmzz

mnnmnmyy

mnnmnmxx







    
 

Properties 

 

       5mod045,1,1,1
,12


n

tnznxny
 



International Journal of Advanced Scientific Research 

38 

   3mod1Pr681,
,46


mmm

tSmmx
 

 

Solutions For Set: (ii) 

 

 

 

  22

22

22

35,

521830,

68610,

nmnmzz

mnnmnmyy

mnnmnmxx







     
 

Properties 

 

 
     5mod071,21,

,10


mm
Stmxmy

 

 
       2mod0151,1,1,

,32


m
tmzmxmy

 

 
   3mod06Pr681,

,10


mm
tmmx

 
 

Solutions For Set: (iii) 

 

 

 

  22

22

22

35,

521830,

68610,

nmnmzz

mnnmnmyy

mnnmnmxx







    
 

Properties 

 

 
     5mod071,21,

,10


mm
Stmxmy

 

 
       2mod0151,1,1,

,32


m
tmzmxmy

 

 
   3mod06Pr681,

,10


mm
tmmx

 
 

Conclusion 

In this paper, we have presented infinitely many non-zero distinct integer solutions to the ternary quadratic equation  

  222
7674 zxyyx  Representing a homogeneous cone. As diophantine equations are rich in variety. 

To conclude, one may search for other forms of three dimensional surfaces, namely, non-homogeneous cone, paraboloid, ellipsoid, 

hyperboloid, hyperbolic paraboloid and so on for finding integral points on them and corresponding properties 
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