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Abstract

The binary quadratic equation represented by the positive pellian y? = 14x? + 2 is analysed for its distinct integer solutions. A few
interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained
solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle.
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1. Introduction

2 _ 2
The binary quadratic equation of the form y" =Dx"+1 Where D is non-square positive integer has been studied by various

mathematics for its non-trivial integral solutions when D takes different integral value [1-4].For an extensive review of various

2 2
problems, one may refer [5-20]. In this communication, yet another interesting hyperbola given by y =14x"+2 is
considered and infinity many integer solutions are obtained. A few interesting properties among the solutions are presented.

2. Method of Analysis
The positive pell equation representing hyperbola under consideration is,

y? =14x% +2 0
The smallest positive integer solutions of (1) is Xo =Ly, =4
The general solutions (X"' ’ yn)of (1) is given by
Yo =2 fprXy ===
n 2 n"'n Zm n (2)

Where,
f, = (15+4v14)™" + (15— 4/14)™"

g, = (15+4+14)™ — (15— 4/14)™"

The recurrence relation satisfied by the solutions (2) are given by
Yo — 30yn+2 Yoz = 0
Xns1 —30Xn,p + X3 =0

Some numerical examples of X& y satisfying (1) are given in the table below
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Table 1: Example

S. No X, Yn
0 4 15
1 31 116
2 929 3476
3 27839 104164
4 834241 3121444

3. From the above table,we observe some interesting relation among the solutions which are presented below
X .
1. The "N values are alternatively odd and even.

2. The Yn values are always odd.
3. Each of the following expression is a nasty numbers;

6X2n+3 _174X2n+2 + 12

[Xan.a —869Xz,3 +60]
. 5

[8y2n+3 — 868X2n+2 + 60]
. 5

[24Y 44 — 78036X5,,, +60]
. 449

696Y,,,5 — 2604X,, .5 +12

[232Y,,.4 — 26012X,, 5 + 60]
. 5

[20856y2n+2 — 84y2n+4 T 5388]
. 449

[6952y,,., —434X,,., +60]
. 5

20856Y,,,, — 78036X,,,, +12

[93Y20.2 —3Yon.s +24]
. 2

[929 I e 240]
. 20
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[19509y2n+3 — 651y2n+4 + 168]
14

[348Y,,,, — 42Xy, 5 +60]
5

4. Each of the following expression is a cubical integer

Xanea = 29%3n,3 + I Xnp2 — 29%,1)]

900[X3n+5 - 869Xn+3 )] + 2700[(X3n+5 - 869X3n+3)]

29%3,,5 —869X3,,, 4 +3[29X,,,5 —869X,,]

450[2Y,, 4 — 217 X5,,3]1+1350[2Y, ,, —217X,.;)]
403202[2Y,,, s —6503X,,,5]+1209606[2Y,,,; —6503X,,,,]
784[6503y,,,,, —217Y,,,s ]+ 2352[6503y,,, — 217y, ,5)]
450[58Ys,,,5 — 7X3,,4] +1350[58Y, .1 — 7.0 ]

205830, — 217Xg0,4 1+ 6[58Y,.,, — 217X,

450[58yY3,,,s —650x,,,,]+1350[58y,,., —6503X,.,,]
403202[1738Y,,,,3 — 7 X3,.5)]+1209606[1738Y, ., — 7X,.3)]

450[1738Y,,,, — 2175, ] +1350[1738y, , — 217X 4]
,[1738Y, 6503, ] +6[1738y  —6503x,,]

16031y, 0~ Vanead V48LY 0~ Y00l

14400[929y, .-y, ]+43200[929y -y ]

n+3

5. Relations among the solutions

Xni1 = 30 Xni2 ™ Xni3
15Xn+1 = Xpi2 _4yn+1
56Xn+1 = 15yn+3 o 4'4'9yn+2
Xny1 = 15Xn+2 - 4yn+2

15Xn+1 = 449Xn+2 - 4yn+3
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. Xn =449, 5 —120y, 5
. 56Xn+2 - yn+3 _15yn+2
449X,,,, =15X,,3 —4Ypny
15Xn2 = X =4Yni2

o Yooz =19X, 3 —4Y,3
56X,,2 =13y, = Ynu
S6X,,3 = 15yn+3 ~Yne2

° n+3
° Xn+1 n+3 8yn+2
° n+3 55X +2 + 12 yn+2

N 56Xn+1 =Yni2 _15yn+l
449X, , = X3 —120Y,,,

° 1680Xn+1 yn+3 449yn+1
. 112Xn+2 = Y3 ~ Yna

. 56Xn+3 - 449yn+2 _15yn+1
. 1680Xn+3 = 449yn+3 - yn+1
N Yna = 120yn+2 - 4yn+3

= 30yn+2 —Ynu

6. Remarkable Observation

. yn+3

I.  Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of hyperbolas

which are presented in the Table 2 below.

Table 2: Hyperbolas

S. No X\Y) Hyperbola
L (311 = Xz X = 29%,4) 8y -7 X ?=32
2. (929X,,,; — X, 35 X5 —869X,,,1) 16Y *—14 X * =57600
3. (929x,,, —31X,,,5,29X,., —869X,,) 8y -7X°* =32
4. (116X11 = Yni2 AYnio —434X,.) Y -14 X * =900

5. (3476X,,, — Y,.5,4Y,., —13006X,) Y ®—14 X * = 806405
6. | (58y,,,—1738y,.,,6503y, ., — 2170y, .) Y -14 X *=5488
7. (4%, =3Yn1 116y, —14X,.,) Y -14 X =900

8. (16y,,, —434x,,,,116x,., —31y,,) Y -14X*=4

9, (16y,,, —13006X,,,,3476X,,, —31y,.;) Y -14X°*=4

1o (4%,,5 —929Y,,,,,3476Y,,, —14X, ;) Y’ —14 X * =806404

1. | (116x,,, —929y, ,,3476y, , — 434X .) Y Z-14 X *=900

12. | (3476y,,, —13006x,,,,,3476X,,, —929Y,.,) Y -14X*=4

vl (Y, 9Y,,3Y,,7Y,) 14y -16 X" -89
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14. (y ,—869y 929y -y ) 12600 *~14400 X * = 725760000

2. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas
which are presented in the table 3 below:

Table 3: Parabolas

S. No X,Y) Parabolas
1. (311 = Xni2s Xanis — 29%;p,2) 8Y -7 X *=16
2 (929X, — X, .3, Xor.s — 869X, 5) 480Y —14 X * = 28800
3. (929x,, —31x,,5,29%,,., —869 X, .) 8y -7 X =16
4. (116X, — Vii3:4Yons —438X,,.5) 15Y —14 X * =450
5. (3476X,.., — ¥,.3:4Y 0.4 —13006X,,.5) 449Y 14 X * = 403202
6. (58y,., —1738y. .,,6503y, ., —217Y,..,) 2Y - X =112
7 (4x,,, —31y,,, 116y, , —14x, ) 15Y —14 X * =450
8. (116x,,, —31y,,,,116Y,,,5 —434 X, ) Y-14X* =2
9. (3476x,,, —31y,.,,116y,,., —13006X,,.,) 15Y —14 X * = 450
10. (4x.,, — 929y, .,,3476Y,, . —14X,. ,) 449Y 14 X * = 403202
11. (116x,,; —929y,.,,3476Y,,., —434X,,.,) 15Y —14 X * =450
12. | (3476x,,, —929y. 3476y, , —13006X,, ) Y-14X*=2
13. (Yniz =29Y013LYo02 = Y, ) 14Y —4 X * =112
14 (y ,—-869y 929y -V ) 12600Y —120 X * = 3024000

Il.  Consider, M= X1 + Y1 N= X”+1.observe that M >N >0 .Treat m,n as the generators of the Pythagorean triangle

T(a’ﬂ’y),where

o=2mn,
B:mz_nz’
y=m2+n2

Then the following interesting relations are observed.

90— TB+6y=-2

8a—y=&—2
b) p
: p N+l J nyl

7. Conclusion
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation

yZ =14x% +2 . o . o _
. As the binary quadratic Diophantine equation are rich in variety, one may search for the other choices of
positive pell equations and determine their integer solutions along with suitable properties.
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