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Abstract 

The binary quadratic equation represented by the positive pellian y2 = 14x2 + 2 is analysed for its distinct integer solutions. A few 

interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained 

solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle. 
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1. Introduction 

The binary quadratic equation of the form 
122  Dxy

 Where D is non-square positive integer has been studied by various 

mathematics for its non-trivial integral solutions when D takes different integral value [1-4].For an extensive review of various 

problems, one may refer [5-20]. In this communication, yet another interesting hyperbola given by 
214 22  xy

 is 

considered and infinity many integer solutions are obtained. A few interesting properties among the solutions are presented. 

 

2. Method of Analysis 

The positive pell equation representing hyperbola under consideration is, 

 

214 22  xy
             (1) 

 

The smallest positive integer solutions of (1) is 
4,1 00  yx

 

The general solutions 
),( , nn yx

of (1) is given by 

nnnn gxfy
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The recurrence relation satisfied by the solutions (2) are given by 
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Some numerical examples of
yx &

satisfying (1) are given in the table below 
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Table 1: Example 
 

S. No nx
 ny

 
0 4 15 

1 31 116 

2 929 3476 

3 27839 104164 

4 834241 3121444 

 

3. From the above table,we observe some interesting relation among the solutions which are presented below 

1. The nx
 values are alternatively odd and even. 

2. The ny
 values are always odd. 

3. Each of the following expression is a nasty numbers: 

 
121746 2232   nn xx

 
 

 5

]60869[ 3242   nn xx

 
 

 
125214174 3242   nn xx

 
 

 5

]608688[ 2232   nn xy

 
 

 449

]607803624[ 2242   nn xy

 
 

 
122604696 3232   nn xy

 
 

 5

]6026012232[ 3242   nn xy

 
 

 449

]53888420856[ 4222   nn yy

 
 

 5

]604346952[ 4232   nn xy

 
 

 
127803620856 4242   nn xy

 
 

 2

]24393[ 3222   nn yy

 
 

 20

]240929[
422



yy

nn
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 14

]16865119509[ 4232   nn yy

 
 

 5

]6042348[ 3222   nn xy

 
 

 

4. Each of the following expression is a cubical integer 

 
)]29[329 123343   nnnn xxxx

 
 

 
)]869[(2700)]869[900 3353353   nnnn xxxx

 
 

 

 
]86929[386929 234353   nnnn xxxx

 
 

 
)]2172[1350]2172[450 123342   nnnn xyxy

 
 

 
]65032[1209606]65032[403202 133353   nnnn xyxy

 
 

 
)]2176503[2352]2176503[784 325343   nnnn yyyy

 
 

 
]758[1350]758[450 214333   nnnn xyxy

 
 

 
]21758[6]21758[2 224343   nnnn xyxy

 
 

 
]650358[1350]65058[450 234353   nnnn xyxy

 
 

 
)]71738[1209606)]71738[403202 315333   nnnn xyxy

 
 

 
]2171738[1350]2171738[450 3125343 nnnn xyxy  

 
 

 2
]65031738[6]65031738[

335353 xyxy nnnn 


 
 

 
][48]31[16

214333
yyyy

nnnn 


 
 

 
]929[43200]929[14400

315333
yyyy

nnnn 


 
 

5. Relations among the solutions 

 xxx nnn 321
30




 

 121 415   nnn yxx
 

 231 4491556   nnn yyx
 

 221 415   nnn yxx
 

 321 444915   nnn yxx
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 331 120449   nnn yxx
 

 232 1556   nnn yyx
 

 132 415449   nnn yxx
 

 232 415   nnn yxx
 

 332 415   nnn yxx
 

 122 1556   nnn yyx
 

 233 1556   nnn yyx
 

 231 8   nnn yxx
 

 223 1255   nnn yxx
 

 121 1556   nnn yyx
 

 131 120449   nnn yxx
 

 131 4491680   nnn yyx
 

 132112   nnn yyx
 

 123 1544956   nnn yyx
 

 133 4491680   nnn yyx
 

 321 4120   nnn yyy
 

 123 30   nnn yyy
 

 

6. Remarkable Observation 
I. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in the Table 2 below. 

 
Table 2: Hyperbolas 

 

S. No (X,Y) Hyperbola 

1. )29,31( 1221   nnnn xxxx
 

3278
22
 XY  

2. )869,929( 1331   nnnn xxxx
 

576001416
22
 XY  

3. )86929,31929( 2332   nnnn xxxx
 

3278
22
 XY  

4. )4344,116( 1221   nnnn xyyx
 

90014
22
 XY  

5. )130064,3476( 1331   nnnn xyyx
 

80640514
22
 XY  

6. )21706503,173858( 3223   nnnn yyyy
 

548814
22
 XY  

7. )14116,34( 2112   nnnn xyyx
 90014

22
 XY   

8. )31116,434116( 2222   nnnn yxxy
 

414
22
 XY  

9. )313476,13006116( 3223   nnnn yxxy
 

414
22
 XY  

10. 

 
)143476,9294( 3113   nnnn xyyx

 
80640414

22
 XY   

11. )4343476,929116( 3223   nnnn xyyx
 

90014
22
 XY    

12. )9293476,130063476( 3333   nnnn yxxy
 

414
22
 XY  

13. )31,29(
2112

yyyy
nnnn 


 

89616
22

14  XY  
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14. )929,869(
3113

yyyy
nnnn 


 

7257600001440012600
22
 XY  

 

2. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in the table 3 below: 

 
Table 3: Parabolas 

 

S. No (X,Y) Parabolas 

1. )29,31( 223221   nnnn xxxx
 

1678
2
 XY

 

2. )869,929( 324231   nnnn xxxx
 

2880014480
2
 XY

 

3. )86929,31929(
324232 x nnnn xxx

 
 

1678
2
 XY

 

4. )4344,116( 223231   nnnn xyyx
 

4501415
2
 XY

 

5. )130064,3476( 324231   nnnn xyyx
 

40320214449
2
 XY

 

6. )2176503,173858( 423223   nnnn yyyy
 

1122
2
 XY

 

7. )14116,314( 422212   nnnn xyyx
 

4501415
2
 XY

 

8. )434116,31116(
423222 x nnnn yyx

 
 

214
2
 XY

 

9. )13006116,313476( 324232   nnnn xyyx
 

4501415
2
 XY

 

10. )143476,9294( 423213   nnnn xyyx
 

40320214449
2
 XY

 

11. )4343476,929116( 423223   nnnn xyyx
 

4501415
2
 XY

 

12. )130063476,9293476( 424233   nnnn xyyx
 

214
2
 XY

 

13. )31,29(
32

2212 y
n

nnn yyy


 
 

112414
2
 XY

 

14. )929,869(
222213

yyyy
nnnn 


 

302400012012600
2
 XY

 

 

II. Consider, 111 ,   nnn xnyxm
.observe that m > n > 0 .Treat m,n as the generators of the Pythagorean triangle 

),,( T
, where 

22

22

2

nm

,nm

,mn







 
 

Then the following interesting relations are observed. 

a)
267  

 

b)

2
28

8 
p

A


 

c)

yx nn
p

A
11

2




 

 

7. Conclusion 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation 

214 22  xy
. As the binary quadratic Diophantine equation are rich in variety, one may search for the other choices of 

positive pell equations and determine their integer solutions along with suitable properties. 
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