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Abstract

This paper aims at presenting general formulas for generating integer solutions of the quadratic equation in title based on its given
integer solution.
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Introduction

The Diophantine equations offer an unlimited field for due to their variety [ 3. In particular, one may refer [+ for quadratic
equations with three unknowns. This communication concerns with yet another interesting homogenous quadratic equation with
three unknowns 4w? — x? — y? + 72 = 2 for determining it’s infinitely many non —zero integral points. Also, a few interesting
relations among the solutions are presented.

Method of Analysis
To start with, it is noted that the quadratic Diophantine with five unknowns represented by

4w? —x* -y +2% =t? (1)
Is satisfied by the values of x, y, z, w and t presented in the table below:

Table 1: Solutions

X y z w t
(4uv) a a (u? +v?) 2(u* -v?),u>v>0
2(u? —v?) a a (u? +v?) (4uv)
(8uv) a a 2(u? +v?) 4(u® —v?)
4(u® -v?) a a 2(u® +v?) (8uv)
2(4uv - 2u +2v +1) a a (2u? +2u+2v2 +2v+1) | 4U-V)(u+v+1)
4u-v)(u+v+l) a a (2u? +2u+2v% +2v+1) | 2(4uv—2u+2v+1)
(2uv) (u?—v?) | (u®+v?) a ¥ 20

From the above table it is observed that (1) is satisfied by infinitely many non-zero integer solutions. Now, a natural question may
arise namely, given an integer solution of (1), whether it is possible to obtain a general formula for obtaining sequence of integer
solutions based on the given solutions. The answer to this question is in the affirmative. In what follows, we exhibit two different
general formulas for generating sequences of integer solutions for the given equation based on its known solutions.

Generation of integer solution
Let(Xo, Yo, Zg, Wy, t,) be any given solution of (1)
Formula 1
Let X, =h=X,,y,=h-y,,t,=h-t,,z, =z, +hw, =w, )
Be the second solution of (1), substituting (2) in (1) and simplifying, we get
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h=xX,+Y,+2,+t,

The second solution of (1) expressed in the matrix form is

1 1 1 1
1 1 1 1
T a , a , a , a
(4 V1 20t)" = Yo ol Col o W= w,
a1+ 8y, 8y, Ay
1 1 1 1
a41( )’ a42( ), a43( )’ a44()
Where
all(l) _ azz(1) _ ass(l) -0,
a, Y= 313(1) = a14(1) a21(1) azs(l) 324(1) a31(1) ap w 334(1) a41(1) a42(1) a3
a44(1) =2
And T is transpose
Repeating the above process, the general formula for obtaining other integer solutions of (1) is given by
U : U PR PR
(Xn Yo Zn’tn) = 21(n) 22(n) 23(n) 24(n) W, = W
a31( )’ a32( )’ a33( )’ a34( )
a'41 " ' a42 " ' a'43 ! ’ a44 "
Where
all(n) - a'22(n) - a33(n) - alZ(nil) + a13(n71) + a14(n71)’
alz(n) = ala(n) = a21(n) = azs(n) = a31(n) = asz(n) = all(n) - (_ 1)nv
a14(n) =8y V= a34(n) = a41(n) = a42(n) = a43(n) = all(nil) + alz(nil) + ala(nil) + 2a14(n71)
a,"=a,""+a,”+a," n>2
Formula 2
Let X, =X, +hy =y, +ht,=t;+hz, =h-z,,w, =h-w, €))
Be the second solution of (1), substituting (3) in (1) and simplifying, we get
h=X,+Y,+2,+t, +4w,
The second solution of (1) expressed in the matrix form is
B 1 1 1 1 1)7]
all()’ a‘lZ()’ a13()’ a14()' alS()
1 1 1 1 1
. a21()’ a22()’ a23()’ a24()’ a25()
(X11 Yy, Z1at11W1) = 331(1)1 a32(1)’ ass(l), 334(1), a35(1)
1 1 1 1 1
a41( )' a42( ), a43( )' a44( ), a45()
1 1 1 1 1
_a51( ), a52( )' asa( ), a54( )' aSS()
Where
all(l) = a, ®© _ a44(1) -0,
ap, © = a13(1) =ay = azl(l) =ay = P W=1
331(1) = asz(l) = Ay = a41(1) =a, = a43(1) = 351(1) = g = ass(l) = 354(1) =1
1 1 1 1 1
alS() = azs() = ass() = a45() = 4’a55() =3

And T is transpose
Repeating the above process, the general formula for obtaining other integer solutions of (1)
Is given by
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—all(n)' alz(n)l als(n)’ a14(n)’ als(n)—
a21(n)’ azz(n)’ azs(n)v "’124(n)l azs(n)
T n n n n n
(Xn’yn’zn'tn’wn) = 3-31( )’ asz( )v a33( )a 3-34( )a ass( )
a41(n), a42(n), a43(n), a44(n), a45(n)
_aSl(n), asz(n)v asa(n)’ 354(n)’ ass(n)_
Where
n n n n-1 n-1 n-1 n- n-1
an( )= azz( '= a44( '= 26‘11( "+ a12( "+ 313( '+ a14( 1)"“"‘15( ),
alz(n) = a14(n) = a21(n) = a24(n) = a41(n) = a42(n) = au(n) -1,
als(n) = 4(3-11(”71) + alz(nil) + als(nil) + a14(n71))+ 3a15(n71) = azs(n) = a45(n)’
(n)
n a n n n n n n n n
alS( ) _ 12 _ 823( ) n 331( )+ asz( ) n 334( ) n a43( ) n 351( )+ a52( ) n a54( )
n n-1 n-1 n-1 n-1
aas( = 331( "+ asz( o 334( )+ ass( )1
n n-1 n-1 n-1 n-1 n-1
a35( ) = 4(a31( )+ asz( )+ a33( )+ a34( ))+ 3a35( ),
ass(n) = aaa(n) - (_ 1)n’
ass(n) = a35(n) + (_ 1)n
Conclusion

In this paper, we have obtained infinitely many non-zero distinct integer solutions to the ternary quadratic Diophantine equation
represented by 4w? — x? — y? + 72 = t2. As quadratic equations are rich in variety, one may search for other choices of quadratic
equation with variables greater than or equal to 3 and determine their properties through special numbers.
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